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Kochen-Specker Sets with a Mixture of 16 Rank-1 and 14 Rank-2 Projectors for a
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Kochen-Specker (KS) theorem denies the possibility for the noncontextual hidden variable theories
to reproduce the predictions of quantum mechanics. A set of projection operators (projectors) and
bases used to show the impossibility of noncontextual definite values assignment is named as the
KS set. Since one KS set with a mixture of 16 rank-1 projectors and 14 rank-2 projectors proposed
in 1995 [Kernaghan M and Peres A 1995 Phys. Lett. A 198 1] for a three-qubit system, there are
plenty of the same type KS sets and we propose a systematic way to produce them. We also propose
a probabilistic state-dependent proof of the KS theorem that mainly focuses on the values assignment
for all the rank-2 projectors.
PACS numbers: 03.65.Aa, 03.65.Ta, 42.50.Dv
The Kochen-Specker (KS) theorem is another major
theorem of impossibility of hidden variables in quan-
tum mechanics (QM) besides the Bell theorem. While
Bell theorem rules out the local hidden variable theo-
ries, KS theorem refutes the noncontextual hidden vari-
able (NCHV) theories. The NCHV theories assume that
the result of a measurement of an observable is predeter-
mined and independent of the other mutually compatible
or co-measurable measurements that may perform previ-
ously or simultaneously. QM is contextual, its measure-
ment outcomes depend on the context of measurement.
To be precise, the KS theorem asserts that, in a Hilbert
space of dimension d ≥ 3, it is impossible to associate def-
inite numerical values, 1 or 0, with every projection oper-
ator (projector) Pi, in such a way that, if a set of commut-
ing Pi satisfies
∑
Pi = I, the corresponding value func-
tions, namely v(Pi) = 0 or 1, also satisfy
∑
v(Pi) = v(I)
[1]. Kochen and Specker gave the first proof of KS the-
orem using a set of 117 projectors in three-dimensional
real Hilbert space (ℜ3) [2]. The number of projectors re-
duced to 33 almost twenty-five years later [3], and so far
the most economical proof due to Conway and Kochen
uses only 31 projectors [4]. There are also proofs of KS
theorem for higher dimensional spaces, including ℜ4 [5–
7], ℜ5, ℜ6, ℜ7 [8], ℜ8 [9, 10] and ℜ16 [11].
Many experiments have been performed to show that
quantum contextuality cannot be explained by any
NCHV theories. The physical systems involved in the ex-
periments include photons [12–15], neutrons [16, 17] and
trapped ions [18]. Experiment is also proposed to test
the KS theorem at a macroscopic level with supercon-
ducting quantum circuit [19]. Unlike the Bell theorem,
the proof of the KS theorem requires neither entangle-
ment nor composite systems [20, 21].
A common theoretical technique to prove KS theorem
is called parity proof. A set of R rays (rank-1 projectors)
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and B bases will said to provide a parity proof of the KS
theorem if (a) B is odd, and (b) each of the R rays occurs
an even number of times among the B bases [10]. The
set of rays and bases that satisfies these two conditions
is called the KS set. The 13 rays used in [22] does not
describe a KS set and an inequality instead of parity
method is adopted to prove the KS theorem. Projectors
in KS sets need not to be of rank-1 or all be of the same
rank [10]. Kernaghan and Peres [9] provided a KS set in
ℜ8 with 11 bases formed by a mixture of 16 rank-1 and
14 rank-2 projectors, which is labeled as 30-11, where the
first figure is due to the sum of both rank-1 and rank-2
projectors. We put forward in this Letter a systematic
way of constructing KS sets of this type. In the following,
we firstly introduce the common properties of the KS sets
of the type 30-11, followed by illustrating the simple steps
of construction. We then provide a state-independent
and a probabilistic state-specific proofs of KS theorem.
We will end this Letter by a summary.
Since 1995, there is only one KS set in ℜ8 with 11 bases
formed by a mixture of 16 rank-1 and 14 rank-2 projec-
tors [9], see Table I. The first column in Table I gives
the indices of 11 bases and the other four columns label
the rank-1 and rank-2 projectors. Note that eigenvec-
tor (or ray) is represented mathematically by a column
vector and rank-1 projector is obtained by taking outer
product of the eigenvector. Hereafter, ray and rank-1
projector can be used interchangeably. Table 1 in [9]
lists the 40 rays given by Kernaghan and Peres. The
40 rays are labeled as Ri, with i =1, 2, 3, . . . , 40, and
the corresponding rank-1 projectors would be labeled as
Pi. On the other hand, rank-2 projectors are obtained
by taking outer product for a linear combination of two
rays. Table 2 of [10] lists explicitly all the 25 bases that
can be formed by the 40 rays. The KS set given in Table
I requires only 11 out of these 25 bases and only 36 rays
are involved. Each of the projectors in Table I occurs
twice among the 11 bases. In Table I, the parentheses
(i, j) refer to the rank-2 projectors that formed by rank-
1 projectors Pi and Pj
2and rank-2 projectors, there are 3 different basis sizes,
i.e., 1 basis of size 4 that formed by 4 rank-2 projectors,
4 bases of size 5 that formed by 3 rank-2 projectors and
2 rank-1 projectors and 6 bases of size 6 that formed by
2 rank-2 projectors and 4 rank-1 projectors. All these in-
formation is reflected via the symbol 162142-144566 [10],
where the number of rank-2 projectors is typed in bold-
face, the first two subscripts indicate the multiplicities of
projectors and the last three subscripts indicate the basis
sizes.
All the rank-2 projectors in Table I is formed by 2
rank-1 projectors, thus it can easily be seen that the KS
set shown in Table I is obtained from KS set of the type
28284-118 (refer to Table II which will be produced later),
which contains only rank-1 projectors. As there are 320
KS sets of the type 28284-118 [10], it is natural to ask if
there is any systematic way to transform them into KS
sets of the type 162142-144566. The answer is affirmative,
as would be illustrated in the following. The first five
TABLE I: Kochen-Specker (KS) set of the type 162142-144566
given by Kernaghan and Peres. Rank-2 projectors are indi-
cated by parentheses.
5 (33, 35) (34, 40) (36, 37) (38, 39)
10 (34, 36 ) (33, 35) (8, 2) 3, 5
22 (33, 38 ) (34, 40) (18, 19) 21, 24
24 (33, 38 ) (36, 37) (25, 30) 28, 31
16 (34, 36 ) (38, 39) (12, 9) 14, 15
11 (8, 2) (25, 27) 4, 6 26, 28
12 (18, 19) (8, 7) 3, 4 17, 20
13 (12, 9) (8, 7) 5, 6 10, 11
18 (25, 30) (12, 16) 10, 14 26, 29
19 (12, 16) (18, 22) 11, 15 17, 21
23 (18, 22) (25, 27) 20, 24 29, 31
bases in Table 2 of [10] are called pure bases (PB) and
the rest are called hybrid bases (HB). All of the KS sets
of the type 28284-118 contain 1 PB and 10 HBs, and we
indicate the former as PBi, where the subscript refers
to the index of that particular pure basis. We would
label four of the rays from PBi as Γ
i = {α, β, γ, δ}, if its
subsets Γia = {α, β, γ}, Γ
i
b = {α, β, δ}, Γ
i
c = {α, γ, δ} and
Γid = {β, γ, δ} appear in four different HBs of the KS set.
The corresponding 4HBs would then be labeled asHBa,
HBb, HBc and HBd, respectively. The remaining 4 rays
of PBi form the set of ¬Γ
i. As indicated by 28284-118,
there are 8 rays that each occurs 4 times, while four of
them are contributed by Γi, the remaining 4 rays can be
easily found by inspection and we would label them as
∆ = {ǫ, ζ, η, θ}. All the rays that each occurs 4 times in
the KS set are italic typed in Table I (Table II as well).
Given a specific KS set of the type 28284-118 with
its bases listed in no particular order, we may rear-
range the bases in such a way that PBi is taken as first
basis, while HBa, HBb, HBc and HBd are placed as
second, third, fourth and fifth basis, respectively. By
taking the aforementioned 28284-118 KS set [9] as ex-
ample, we therefore have Γ5 = {R33, R34, R36, R38},
Γ510 = {R33, R34, R36}, Γ
5
22 = {R33, R34, R38}, Γ
5
24 =
{R33, R36, R38} and Γ5
16
= {R34, R36, R38}, where the
subscripts a, b, c and d in this case are the indices for
bases 10, 22, 24, and 16, respectively. The remain-
ing 6 bases can be listed arbitrarily. Table II shows
the result obtained due to this rearrangement of bases.
Meanwhile, we have ¬Γ5 = {R35, R37, R39, R40} and
∆ = {R8, R12, R18, R25}. We partition off Table II into
TABLE II: Example for the KS set of the type 28284-118.
The first column indicates the indices of bases. The 11 bases
are rearranged in such a way that PBi is taken as first basis,
followed by HBa, HBb, HBc and HBd. In this case, i = 5,
a = 10, b = 22, c = 24 and d = 16.
5 33 34 35 36 37 38 39 40
10 33 34 36 35 8 2 3 5
22 33 34 38 40 18 19 21 24
24 33 36 38 37 25 28 30 31
16 34 36 38 39 12 9 14 15
11 8 25 2 28 4 6 26 27
12 8 18 3 19 4 7 17 20
13 8 12 5 9 6 7 10 11
18 12 25 14 30 10 16 26 29
19 12 18 15 21 11 16 17 22
23 18 25 24 31 20 22 27 29
8 divisions and label them as I, II, . . . , V III, respec-
tively, as shown in Figure 1. Be cautious that in this
partition, first column of Table II that indicates the in-
dices of bases is excluded and therefore does not shown
in Figure 1. The rays of Γ5
10
, Γ5
22
, Γ5
24
and Γ5
16
are located
at II, the rays of ¬Γ5 are located at III and the rays
of ∆ are located at IV. Every ray in IV will repeat three
times in VI and every ray in V repeats its second time
in V II. For the remaining 12 rays, each occurs twice in
VIII. We name the rank-2 projectors formed by 2 rank-
1 projectors, both of which repeat 4 times, as type-A
projectors. On the other hand, we name the rank-2 pro-
jectors, formed by 1 rank-1 projector that repeats 4 times
and another rank-1 projector that repeats twice, as type-
B projectors. There are 4 type-B projectors in I and 4
type-A projectors in II. There are 4 type-B II-III pro-
jectors, where II-III means that 1 rank-1 projector from
II and another rank-1 projector from III are chosen in
order to form the rank-2 projectors. There are 4 type-
B IV -V projectors, 4 type-B V I-V II projectors and 8
type-B V I-V III projectors. Such constructed 28 rank-2
projectors all are shown in Table I and they in fact con-
sist of 14 different rank-2 projectors. It can be easily seen
from Table I that there are 2 type-A projectors that each
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FIG. 1: Partition off Table II results in eight divisions. The
first column in Table II has been removed. Note that these
divisions are commonly exist for all the KS sets of the type
28284-118
repeats twice in II. Each of the 4 type-B II-III projec-
tors repeats its second time in I; The 4 type-B IV -V
projectors are exactly the same as 4 type-B V I-V II pro-
jectors. Finally, there are 4 type-B V I-V III projectors
that each of them occurs twice.
The number of ways of picking the rank-1 projectors to
form rank-2 projectors determine the number of KS sets
of the type 162142-144566 that can be transformed from
a given specific KS set of the type 28284-118. There are 7
different ways of forming type-B projectors in I and the
construction of type-A projectors in II is completely con-
fined by the former. On the other hand, the formation of
type-B V I-V II and V I-V III projectors are completely
confined by the ways of forming type-B IV -V projectors
and there are 81 ways for the latter. Therefore, there
are 567 KS sets of the type 162142-144566 that can be
generated from each of the KS sets of the type 28284-118.
We now provide a state-independent proof using KS set
generated above. For every basis of the KS set listed in
Table I,
∑
Pi = I, where I is the eight-dimensional iden-
tity matrix and Pi are either rank-1 or rank-2 projectors.
As QM follows sum rule, it means that
∑
v(Pi) = v(I),
where v(·) is the value function that assigns values 1 or
0 to the projectors. The v(I) always gives value 1, this
implies that there is one and only one projector on the
left hand side of the equality sign that would be assigned
value 1 but the rest would be assigned value 0. There are
11 bases shown in Table I, each of the rank-1 and rank-
2 projectors among them occurs twice. For the same
projectors, they would be assigned the same values (0
or 1) even though they are in different bases, if the as-
sumptions of NCHV theories are valid, i.e., the values of
the measurements pre-exist, and the results of measure-
ments are noncontextual. However, the noncontextual
values assignment will lead to a contradiction, because
the sum of the 11
∑
v(Pi) on the left of the equality
signs will give an even number (since each of the v(Pi)
occurs twice), but the 11 v(I) on the right of the equality
signs will give an odd number, i.e., 11. This provides a
state-independent parity proof of the KS theorem.
Note that, by recovering the rank-2 projector P25,27
(refer to Table I) to rank-1 projectors P25 and P27, the
KS set of the type 162142-144566 shown in Table I will
be changed to the KS set of the type 182132-14454627.
Using the latter KS set, a probabilistic state-dependent
proof of KS theorem [6] exists as follows. Firstly, sup-
pose that a system of state |R33〉 is preselected, then
v(P33) = 1; Secondly, in a post-selection, assume that
we find the system in the state |R12〉, then v(P12) = 1.
This is possible because 〈R12|R33〉 6= 0. All the rank-1
and rank-2 projectors that are orthogonal to either P33
or P12 would be assigned a value 0. Consequently, all the
rank-2 projectors are being removed and only 3 rank-1
projectors remain in the following equations,
v(Pˆ27) + v(Pˆ4) = v(Iˆ),
v(Pˆ4) + v(Pˆ20) = v(Iˆ),
v(Pˆ27) + v(Pˆ20) = v(Iˆ). (1)
Again, as each of the 3 rank-1 projectors occurs twice
and there are only 3 v(I) in (1), it is impossible to have a
consistent way of values assignment (0 or 1) for these pro-
jectors. In this demonstration of the KS theorem proof,
20 rank-1 projectors are used, i.e., 1 contributed by P33,
9 contributed by rank-1 projectors that are perpendicu-
lar to P33 (P3, P5, P10, P11, P21, P24, P25, P28 and P31),
1 contributed by P12, 6 contributed by rank-1 projectors
that are perpendicular to P12 (P6, P14, P15, P17, P26,
P29) and 3 contributed by rank-1 projectors that occur
in (1).
The violation of KS theorem means that QM cannot
be regarded as a noncontextual hidden variable theory.
In 1995, Kernaghan and Peres [9] proved KS theorem
by giving a KS set with a mixture of 16 rank-1 projec-
tors and 14 rank-2 projectors in eight-dimensional state
space, which is represented by 162142-144566 [10]. The
KS set may be constructed based on intuition and there
have not been any other copies proposed since then. We
give a systematic way of construction and show that the
number of the KS sets of the type 162142-144566 that can
be produced is indeed large. In addition to the standard
method of state-independent proof of the KS theorem,
we also provide a version of probabilistic state-dependent
proof of the KS theorem that underscores values assign-
ment in such a way to remove all the rank-2 projectors
from the KS set. This method allows us to use only 20
rank-1 projectors in the proof.
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